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Abstract
Given a combinatorial d-sphere S, to construct a combinatorial (d + 1)-sphere S ′
containing S, one usually needs some more vertices. Here we consider the question
whether we can do one such construction without the help of any additional vertices. We
show that this question has affirmative answer when S is a polytopal sphere, a flag sphere
or a join of spheres. We also show that any non-trivial stacked d-sphere is a subcomplex
of a stacked (d+ 1)-sphere on same vertex-set.
MSC 2020 : 57Q15, 57C15, 57D05.
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1 Introduction
If S is an n-vertex combinatorial d-sphere then the join S02 ∗ S is an (n + 2)-vertex com-
binatorial (d + 1)-sphere and S ⊂ S02 ∗ S. We also know that there is an (n + 1)-vertex
combinatorial (d + 1)-sphere S ′ (namely, an one-point suspension of S) such that S ⊂ S′.
In the open problem session of the Oberwolfach workshop on ‘Geometric, Algebraic and
Topological Combinatorics’, Francisco Santos asked whether one can find a combinatorial
(d + 1)-sphere S′ containing S with n vertices [5, Open Problem No. 12]. This of course
implies that both S and S ′ have same vertex-set. Since the number of vertices in a (d + 1)-
sphere is at least d + 3, n must be at least d + 3. Since a 0-sphere consists of two points,
n ≥ d+3 implies that d ≥ 1. Here, we show that Santos’s question has affirmative answer in
some cases. We prove
Theorem 1. Let S be an n-vertex combinatorial d-sphere. Then S is a subcomplex of an
n-vertex combinatorial (d+ 1)-sphere in each of the following cases.
(a) S is a join of two or more spheres.
(b) S has a vertex of degree d+ 1 (i.e., a vertex of minimum degree), and n ≥ d+ 3.
(c) S is a flag sphere.
Theorem 2. Let S be an n-vertex polytopal d-sphere. If n ≥ d + 3 then S is a subcomplex
of an n-vertex combinatorial (d+ 1)-sphere.
Therefore, if S is a 2-sphere or a stacked sphere then S is a subcomplex of a higher
dimensional sphere on the same vertex-set. Here we prove
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Theorem 3. Let S be an n-vertex combinatorial 2-sphere. If n ≥ 5 then S is a subcomplex
of an n-vertex polytopal 3-sphere.
Theorem 4. Let S be an n-vertex stacked d-sphere. If n ≥ d+ 3 then S is a subcomplex of
an n-vertex stacked (d+ 1)-sphere.
As a consequence of Theorem 4 we get
Corollary 5. Let X d be an n-vertex stacked d-sphere, d ≥ 1. Then there exists a sequence
X d ⊂ X d+1 ⊂ · · · ⊂ Xn−2 = Sn−2n of n-vertex stacked spheres of dimensions d, d+1, . . . , n−2
respectively.
To prove Theorems 1 (b), (c) and 2, we have constructed an (n− 1)-vertex combinatorial
d-spheres and for Theorem 3, we have constructed an (n− 1)-vertex combinatorial 2-sphere.
In each case, the new (n − 1)-vertex sphere is obtained from the anti-star of a vertex in the
original n-vertex sphere and an one-point suspension of this new sphere is a desired sphere.
2 Preliminaries
We identify a simplicial complex with the corresponding abstract simplicial complex. Thus,
a simplex (or face) in a simplicial complex X is a finite subset of the vertex-set V (X) of X.
We also denote a simplex {v1, . . . , vm} by v1 · · · vm. We identify two simplicial complexes if
they are isomorphic. If d is the dimension of a simplicial complex X, then the number of
j-faces of X is denoted by fj(X) for 0 ≤ j ≤ d. The number of edges in X through a vertex
v is called the degree of v in X and is denoted by degX(v).
A simplicial complexX is called pure if all its maximal faces (facets) are of same dimension.
The dual graph Λ(X) of a pure simplicial complex X is the graph whose vertices are the facets
of X, where two facets are adjacent in Λ(X) if they intersect in a face of codimension one. A
d-dimensional pure simplicial complex X is called a d-pseudomanifold if each (d− 1)-simplex
in two facets and the dual graph Λ(X) is connected.
A polyhedron is called a PL d-ball if it is PL homeomorphic to a d-simplex. A polyhedron
is called a PL d-sphere if it is PL homeomorphic to the boundary of a (d+1)-simplex. Thus
the boundary of a PL (d+ 1)-ball is a PL d-sphere. From Corollaries 3.13 and 3.16 in [6] we
know the following.
Proposition 6. (a) Suppose B is a PL d-ball in a PL d-sphere S then the closure S \B is
a PL d-ball.
(b) If B1, B2 are PL d-balls and B1 ∩B2 is a PL (d− 1)-ball then B1 ∪B2 is a PL d-ball.
For a simplicial complex X, |X| denotes the geometric carrier of X with induced PL
structure. A simplicial complex X is said to be a combinatorial d-ball (resp., combinatorial
d-sphere) if |X| is a PL d-ball (resp., PL d-sphere). Since the boundary of a PL (d + 1)-ball
is a PL d-sphere, the boundary complex (whose maximal faces are those d-simplices which
are in unique facet) of a combinatorial (d + 1)-ball is a combinatorial d-sphere. Clearly,
the number of vertices in a combinatorial (d + 1)-ball (resp., d-sphere) is at least d + 2. A
combinatorial (d + 1)-ball with d + 2 vertices and (hence) with one facet, say σ, is called a
standard (d+ 1)-ball and is denoted by σ. The boundary complex of a standard (d+ 1)-ball
is called a standard d-sphere. Standard d-sphere on the vertex-set V is denoted by Sdd+2(V )
(or Sdd+2). A combinatorial 2-ball is also called a combinatorial disc.
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If Y is a proper pure d-dimensional subcomplex of a pure d-dimensional simplicial complex
then the pure subcomplex of X whose facets are those facets of X which are not in Y is
denoted by X − Y . Clearly, |X − Y | is equal to the closure of |X| \ |Y |.
For two simplicial complexes X and Y with disjoint vertex-sets, the simplicial complex
X ∗ Y := X ∪ Y ∪ {α ∪ β : α ∈ X,β ∈ Y } is called the join of X and Y . If X is a
combinatorial c-sphere and Y is a combinatorial d-sphere (resp., d-ball) then X ∗ Y is a
combinatorial (c+ d+ 1)-sphere (resp., (c+ d+ 1)-ball) (cf. [6, Proposition 2.23]).
The star stX(x), the link lkX(x) and the anti-star astX(x) of a vertex x in a simplicial
complex X are defined as follows
stX(x) := {τ ∈ X : {v} ∪ τ ∈ X}, lkX(x) := {τ ∈ stX(x) : v 6∈ τ},
astX(x) := {τ ∈ X : x 6∈ τ}.
Clearly, stX(x) = {x} ∗ lkX(x). Since the geometric carrier of a combinatorial d-ball B
is a PL d-ball, it follows that lkB(x) is either a combinatorial (d− 1)-ball or a combinatorial
(d − 1)-sphere for any x ∈ V (B). Similarly, for a vertex x in a combinatorial d-sphere S,
lkS(x) is a combinatorial (d− 1)-sphere. As a consequence of Proposition 6, we get
Lemma 7. (a) If a combinatorial d-ball B is a subcomplex of a combinatorial d-sphere S,
then the subcomplex S −B is also a combinatorial d-ball.
(b) If B1, B2 are combinatorial d-balls and B1 ∩ B2 is a combinatorial (d − 1)-ball, then
B1 ∪B2 is a combinatorial d-ball.
(c) If B1, B2 are combinatorial d-balls and B1 ∩ B2 = ∂B1 = ∂B2, then B1 ∪ B2 is a
combinatorial d-sphere.
(d) If v is a vertex of a combinatorial d-sphere S, then astS(v) is a combinatorial d-ball.
(e) If v is a vertex of a combinatorial d-sphere S, then {v} ∗ astS(v) is a combinatorial
(d+ 1)-ball and ∂({v} ∗ astS(v)) = S.
Proof. Part (a) follows by Proposition 6 (a). Part (b) follows by Proposition 6 (b).
Take a new vertex v not in B1 or B2. Since ∂B1 is a combinatorial (d − 1)-sphere,
{v}∗∂B1 is a combinatorial d-ball. Now, {v}∗B1, {v}∗B2 are combinatorial (d+1)-balls and
({v}∗B1)∩({v}∗B2) = {v}∗(B1∩B2) = {v}∗∂B1. Therefore, by part (a), ({v}∗B1)∪({v}∗B2)
is a combinatorial (d + 1)-ball. Observe that ∂(({v} ∗ B1) ∪ ({v} ∗ B2)) = B1 ∪ B2. Thus,
B1 ∪B2 is a combinatorial d-sphere. This proves part (c).
Observe that stS(v)∪ astS(v) = S and stS(v)∩ astS(v) = lkS(v). Therefore, S− stS(v) =
astS(v). Since stS(v) is a combinatorial d-ball, part (d) now follows by part (a).
Since astS(v) is a combinatorial d-ball, {v}∗astS(v) is a combinatorial (d+1)-ball. Now,
∂({v}∗astS(v)) = astS(v)∪({v}∗∂(astS(v))) = astS(v)∪({v}∗lkS(v)) = astS(v)∪stS(v) = S.
This proves part (e).
A clique in a simplicial complex X is a subset U of V (X) such that every pair of distinct
vertices of U forms an edge of X. A combinatorial d-sphere S is called flag if S 6= Sdd+2 and
every clique in S is a simplex of S (equivalently, all minimal non-faces are of size two).
Since a (d + 1)-polytope is a PL (d + 1)-ball, the boundary of a (d + 1)-polytope is a
PL d-sphere. This implies that the boundary complex of a simplicial (d + 1)-polytope is a
combinatorial d-sphere. A combinatorial d-sphere is called polytopal if it is (isomorphic to) the
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boundary complex of a simplicial (d+ 1)-polytope. Clearly, combinatorial 1-spheres (cycles)
are polytopal. Since a combinatorial 2-sphere is uniquely determined by its 1-skeleton, it
follows from Steinitz’s theorem that every combinatorial 2-sphere is polytopal (cf. [4]). For
d ≥ 3, there are combinatorial d-spheres which are not polytopal (cf. [1]).
A cell complex (or polyhedral complex) K is a collection of polytopes in some Rn such that
(i) a face of a member of K is a member of K, and (ii) α, β ∈ K and α ∩ β 6= ∅ implies α ∩ β
is a common face of α and β. From [6, Proposition 2.9] we know the following. (The last
part of the conclusion is not in the statement but follows from the proof of [6, Proposition
2.9]. This also follows from the fact that to subdivide a simplex we need at least one extra
vertex.)
Lemma 8. A finite cell complex X can be subdivided to a simplicial complex X ′ without
introducing any new vertices such that X ′ contains all the simplices of X.
Let X be a d-pseudomanifold and u be a vertex of X. Then, for a new symbol v 6∈ V (X),
the (d + 1)-pseudomanifold Σu,v(X) := ({u} ∗ astX(u)) ∪ ({v} ∗ X) is called an one-point
suspension of X ([2]). The geometric carrier of Σu,v(X) is the suspension of |X| (see [1,
Lemma 6]). Therefore, if X is a combinatorial d-sphere then Σu,v(X) is a combinatorial
(d+ 1)-sphere . From [1, Corollary 2 (b)], we know the following.
Lemma 9. The complex Σu,v(X) is a polytopal sphere if and only if X is a polytopal sphere.
A simplicial complex B is called a stacked d-ball if there exists a sequence B1, . . . , Bm of
pure simplicial complexes such that B1 is a standard d-ball, Bm = B and, for 2 ≤ i ≤ m,
Bi = Bi−1 ∪ σi and Bi−1 ∩ σi = τ i where σi, τi are simplices of Bi of dimensions d and d− 1
respectively. (By definition, each Bi is a stacked d-ball.) A simplicial complex is called a
stacked d-sphere if it is (isomorphic to) the boundary of a stacked (d + 1)-ball. A trivial
induction on m shows, by Lemma 7 (b), that a stacked ball is a combinatorial ball and hence
a stacked sphere is a combinatorial sphere. Also inductively, by taking the new vertex in σi
which is not in τi outside |Bi−1| and very close to τi, we can see that |B| is a polytope. Thus,
a stacked sphere is a polytopal sphere. If B is a stacked ball then clearly Λ(X) is a tree.
From [3, Lemma 2.1] we know
Lemma 10. Let X be a pure simplicial complex of dimension d.
(a) If the dual graph Λ(X) is a tree then f0(X) ≤ fd(X) + d.
(b) The graph Λ(X) is a tree and f0(X) = fd(X) + d if and only if X is a stacked d-ball.
3 Proofs of Theorems 1, 2, 3 and 4
Proof of Theorem 1. Suppose S = S1∗· · ·∗Sm is a join ofm combinatorial spheres, where Si is
an ni-vertex combinatorial di-sphere for 1 ≤ i ≤ m andm ≥ 2. Then d = d1+· · ·+dm+m−1
and n = n1+ · · ·+nm ≥ (d1+2)+ · · ·+ (dm+2) ≥ d+3. For 1 ≤ i ≤ m, let vi ∈ V (Si). By
Lemma 7 (e), Di := {vi} ∗ astSi(vi) is a combinatorial (di + 1)-ball and ∂(Di) = Si. Then,
B1 := D1 ∗ S2 ∗ · · · ∗ Sm, B2 := S1 ∗ D2 ∗ S3 ∗ · · · ∗ Sm are combinatorial (d + 1)-balls and
having common boundary S1 ∗ · · · ∗ Sm = S. Therefore, by Lemma 7 (c), S
′ := B1 ∪ B2 is
a combinatorial (d + 1)-sphere and S = ∂B1 ⊂ S
′. Clearly, V (S′) = V (B1) = V (S). This
proves part (a).
Suppose S has a vertex v of degree d + 1. Then lkS(v) = S
d−1
d+1(σ), for some σ ⊂ V (S).
If σ is a face of X then the standard d-sphere stS(v) ∪ {σ} is a proper subcomplex of X.
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This is not possible. So, σ is not a face of X. Let S˜ be obtained from S by removing
all the faces containing v and adding σ as a new d-simplex (i.e., S˜ is obtained from S by
a bistellar d-move). Then S˜ is an (n − 1)-vertex combinatorial d-sphere and v 6∈ V (S˜).
Observe that S˜ = astS(v) ∪ {σ}. Let u be a vertex of S˜. Let S
′ be the one-point suspension
Σu,v(S˜). Then S
′ is a combinatorial (d + 1)-sphere and V (S′) = V (S). Since σ ∈ S˜, it
follows that {v} ∪ σ ∈ S′ and hence {v} ∗ Sd−1d+1(σ) ⊂ S
′. Also, astS(v) ⊂ S˜ ⊂ S
′. Therefore,
S = stS(v) ∪ astS(v) = ({v} ∗ S
d−1
d+1(σ)) ∪ astS(v) ⊂ S
′. This proves part (b).
u
v
S
u
S2
u
D3
u
v
S1
Figure 1: Flag spheres S, S1 and S2
Suppose S is a flag sphere of dimension d ≥ 2. Let v ∈ V (S). Then L := lkS(v) is a
combinatorial sphere of dimension d − 1 ≥ 1. If L is a standard sphere, say L = Sd−1d+1(U),
then U ∪ {v} is a clique and hence a face of dimension d + 1, a contradiction. So, L is not
a standard sphere and hence degS(v) > d + 1. This implies that n ≥ d + 3. (In fact, if
n = d + 3 then degS(u) = d + 2 for all u ∈ V (S) and V (S) is a clique. Then V (S) is a
(d + 2)-simplex of S, a contradiction. So, n ≥ d + 4.) Let u ∈ V (L). Let D1 := stS(v),
D2 := astS(v) and D3 := {u} ∗ astL(u). Then, by Lemma 7, D1,D2,D3 are combinatorial
d-balls and ∂D1 = ∂D2 = ∂D3 = L = D1 ∩ D2 = D1 ∩ D3. Suppose α ∈ D2 ∩ D3. If
α = {w} is a 0-simplex then α ∈ L. If α is not a 0-simplex then α is a clique. Since the
vertices of α are in L = lkS(v), it follows that α ∪ {v} is a clique in S and hence a face of
S. Therefore α ∈ L. This implies that D2 ∩ D3 ⊆ L and hence D2 ∩ D3 = L. Therefore,
by Lemma 7, S1 := D1 ∪D3 and S2 := D2 ∪D3 are combinatorial d-spheres. (In Fig. 1, we
present an example for d = 2.) Let B1 := {v} ∗ astS1(v) = {v} ∗D3 and B2 := {u} ∗ astS2(u).
Then B1, B2 are combinatorial (d + 1)-balls and B1 ∩ B2 = D3. Hence B := B1 ∪ B2 is a
combinatorial (d + 1)-ball and ∂B = D1 ∪ D2 = S. Let C := {v} ∗ astS(v). Then C is a
combinatorial (d + 1)-ball and ∂C = S. If β ∈ C \ S then β is of the form β = {v} ∪ α
for some α ∈ astS(v) \ lkS(v). Then β 6∈ B1 ∪ B2 = B. This implies that B ∩ C ⊆ S and
hence B ∩C = S. Therefore, by Lemma 7 (c), S′ := B ∪C is a combinatorial (d+1)-sphere.
Clearly, S ⊂ S′ and V (S′) = V (S). This completes the proof of part (c).
Remark 11. Let D2,D3, B1, B2, C, S1, S
′ be as in the proof of Theorem 1 (c). Then, B1 ∪
C = {v} ∗ (D3 ∪ D2) = {v} ∗ S2 and B2 = {u} ∗ astS2(u). Therefore, S
′ = B ∪ C =
B2 ∪ (B1 ∪ C) = ({u} ∗ astS2(u)) ∪ ({v} ∗ S2) = Σu,v(S2), an one-point suspension of the
(n − 1)-vertex combinatorial d-sphere S2. This gives another (combinatorial) description of
S′. In the proof, we have given more geometric arguments, namely, we have shown that S′
as the union of two combinatorial (d+ 1)-balls B and C with common boundary S.
Proof of Theorem 2. Suppose S = ∂P , where P is an n-vertex simplicial (d+ 1)-polytope in
R
d+1. So, the vertex-set V (P ) of P is same as V (S). Let v ∈ V (S). Since n > d+2, there exist
more than one d-simplex in S not containing v (i.e., astS(v) has more than one d-simplex).
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Let α1 6= α2 be two d-simplices in astS(v). Then α1, α2 are faces of P . For 1 ≤ i ≤ 2, letHi
be the hyperplane in Rd+1 such that P ∩ Hi = αi and P lies in one of the two half spaces
determined by Hi. Since αi contains d+1 affinely independent points, the affine hull AH(αi)
of the points of αi is Hi for 1 ≤ i ≤ 2. Since α1 ⊂ P and α1 6⊆ α2 = P ∩H2, it follows that
α 6⊂ H2. Therefore, if H is an affine subspace of R
d+1 containing both α1, α2 then H2 is a
proper affine subspace of H. This implies that H = Rd+1. Thus, the affine hull AH(α1 ∪α2)
is Rd+1. This implies that the convex hull P˜ := conv(V (P ) \ {v}) is a (d + 1)-polytope in
R
d+1. (In Fig. 2, we present an example for d = 2.) Now, if γ is a face of P not containing v
(i.e., γ ∈ astS(v)) then γ = P ∩W for some hyperplane W and P lies in one half space W
+
determined by W . Then P˜ is also in W+. Also, γ ⊆ H ∩ P˜ ⊆ H ∩ P = γ. So, H ∩ P˜ = γ.
Therefore γ is a face of P˜ . These imply that astS(v) is a subcomplex of the cell complex ∂P˜ .
By Lemma 8, there exists a subdivision S˜ of ∂P˜ , where V (S˜) = V (∂P˜ ) = V (P ) \ {v} and all
the simplices of ∂P˜ are in S˜. This implies astS(v) ⊆ S˜.
u
P P˜
Figure 2: Polytopes P and P˜
Choose a vertex u in the combinatorial d-sphere S˜. Let S′ := Σu,vS˜ be an one-point
suspension of S˜. Since S˜ is an (n − 1)-vertex combinatorial d-sphere, S′ is an n-vertex
combinatorial (d+1)-sphere. Since lkS(v) ⊂ astS(v) ⊂ S˜, stS(v) = {v}∗lkS(v) ⊂ {v}∗S˜ ⊂ S
′.
Also, astS(v) ⊂ S˜ ⊂ Σu,vS˜ = S
′. Thus, S = stS(v) ∪ astS(v) ⊂ S
′. This completes the
proof.
Remark 12. Let u, v, P, S˜, S′ be as in the proof of Theorem 2. Let B1 := {v}∗ (S˜−astS(v))
and B2 = {u} ∗ astB˜(u). Then B1 ∩ B2 = S˜ − astS(v) is a combinatorial d-ball. Therefore
B := B1 ∪ B2 is a combinatorial (d + 1)-ball and is a simplicial subdivision of the (d + 1)-
polytope P . Also, C := {v}∗astS(v) is another simplicial subdivision of P . Clearly, B∩C =
S = ∂B ∩ ∂C and S′ = B ∪C. Therefore, S′ as the union of two combinatorial (d+ 1)-balls
B and C with common boundary S. This gives another (geometric) description of S′. In the
proof of Theorem 2, we have given more combinatorial arguments, namely, we have shown
that S′ is a one-point suspension of the (n − 1)-vertex combinatorial (d − 1)-sphere S˜. The
combinatorial sphere S˜ is a subdivision of the cell complex ∂P˜ , where P˜ is a polytope. But,
we don’t know whether S˜ is polytopal or not. If S˜ is polytopal in some case then as an
one-point suspension S′ would be also polytopal.
We need this lemma for the proof of Theorem 3.
Lemma 13. Let S be a combinatorial 2-sphere. If f0(S) > 4 then there exists a vertex
v ∈ V (S) and a combinatorial disc Dv such that V (Dv) = V (lkS(v)) and Dv ∩ S = lkS(v).
Proof. Since each edge is in two facets of S, 2f1(S) = 3f2(S). Also, we have the Euler’s
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formula f0(S)−f1(S)+f2(S) = 2. These imply that f0(S)−2 = f1(S)−2f1(S)/3 = f1(S)/3.
Therefore, f1(S) < 3f0(S) and hence S has a vertex v of degree less than 6.
Let m = deg(v). So, m = 3, 4 or 5. Let Lv := lkS(v). Then Lv is an m-cycle, say, Lv =
v1- · · · -vm-v1. First assume thatm = 3. If v1v2v3 is a simplex of S then S
2
4({v, v1, v2, v3}) ⊆ S.
This implies S24({v, v1, v2, v3}) = S. This is not possible since f0(S) > 4. So, σ := v1v2v3 6∈ S.
Then Dv = σ serves our purpose. Now, assume that m = 4. Then Lv = v1-v2-v3-v4-v1. If
both v1v3 and v2v4 are edges in S then {v, v1, v2, v3, v4} is a clique of size 5 in S. So, S
contains the complete graph K5. This is a contradiction since, by Kuratowski’s theorem,
K5 is not a planar graph. So, we can assume without loss that v1v3 6∈ S. Let Dv be
the pure 2-dimensional simplicial complex whose facets are v1v2v3 and v1v3v4. Then Dv
is a combinatorial disc (in fact, a stacked 2-ball). Since v1v3 6∈ S, it follows that v1v2v3,
v1v3v4 6∈ S. This implies Dv ∩ S = Lv. Finally assume m = 5. So, Lv = v1-v2-v3-v4-v5-v1.
Claim. There exists i ∈ {1, . . . , 5} such that both the diagonals vivi+2, vivi+3 are non-edges
of S. (Here addition in the subscripts are modulo 5.)
v1
v5
v4
v2
v3
v
•
•
•
•
•
•
Figure 3: Graph G
Suppose the claim is not true. Then for each i there exists a diagonal containing vi which
is an edge in S. This implies that number of diagonals which are in S is at least three
and hence there are two disjoint diagonals which are in S. Assume, without loss, that v1v3,
v2v4 ∈ S. Then the graph G := ({v, v1, . . . , v5}, {vv1, . . . , vv5, v1v2, . . . , v4v5, v5v1, v1v3, v2v4})
is obtained from aK5 by an edge subdivision (see Fig. 3). This is not possible by Kuratowski’s
theorem since G is a planar graph. This proves the claim.
By the claim, we can assume, without loss, that v1v3, v1v4 6∈ S. Hence v1v2v3, v1v3v4,
v1v4v5 6∈ S. Consider the combinatorial disc (stacked 2-ball) Dv whose facets are v1v2v3,
v1v3v4 and v1v4v5. Then Dv ∩ S = Lv. This completes the proof.
Proof of Theorem 3. Let v and Dv be as in Lemma 13. Then S˜ := astS(v)∪Dv is an (n−1)-
vertex combinatorial 2-sphere and v 6∈ S˜. Choose a vertex u in S˜. Let S′ := Σu,vS˜ be
an one-point suspension of S˜. Since combinatorial 2-spheres are polytopal, S˜ is polytopal
and hence, by Lemma 9, S′ is an n-vertex polytopal 3-sphere. Since lkS(v) ⊂ astS(v) ⊂ S˜,
stS(v) = {v} ∗ lkS(v) ⊂ {v} ∗ S˜ ⊂ S
′. Also, astS(v) ⊂ S˜ ⊂ Σu,vS˜ = S
′. Thus, S =
stS(v) ∪ astS(v) ⊂ S
′. This completes the proof.
Proof of Theorem 4. Theorem 4 follows from the following lemma.
Lemma 14. Let B be an n-vertex stacked (d + 1)-ball. If d ≥ 1 and n ≥ d + 3 then B is a
subcomplex of an n-vertex stacked (d+ 1)-sphere.
Proof. Since B is an n-vertex stacked (d + 1)-ball, there exists a sequence B1, . . . , Bm of
combinatorial (d + 1)-balls, such that B1 = σ1 is a standard (d + 1)-ball, Bm = B and, for
2 ≤ i ≤ m, Bi = Bi−1∪σi andBi−1∩σi = τ i where σi, τi are simplices of Bi of dimensions d+1
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and d respectively. By Lemma 10, m = fd+1(B) = n−d−1. Then, by definition, C := Bm−1
is a stacked (d + 1)-ball with m − 1 facets and n − 1 vertices. Let σm \ τm = {u}. Then
V (C) = V (B)\{u}. Let B′ = {u}∗C. Then, by the definition, B′ is a stacked (d+2)-ball. (In
fact, Λ(B′) is isomorphic to Λ(C) and hence is a tree. Clearly, B′ is a pure (d+2)-dimensional
simplicial complex with f0(B
′) = n = m + d + 1 and fd+2(B
′) = fd+1(C) = m − 1. Hence,
by Lemma 10, B′ is a stacked (d+ 2)-ball.) Then ∂B′ is an n-vertex stacked (d+ 1)-sphere.
Since B′ = {u}∗C, it follows that C ⊂ ∂B′. Since σm 6∈ C, τm is in one facet of C and hence
in ∂C. This implies that σm = {u} ∪ τm ∈ {u} ∗ ∂C ⊂ ∂B
′. Therefore, B = C ∪ σm ⊂ ∂B
′.
This completes the proof.
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